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Abstract
This paper is concerned with the use of integrated radial basis function net-
works (IRBFNs) for the discretisation of Galerkin approximations for Dirichlet
biharmonic problems in two dimensions. The field variable is approximated by
global high-order IRBFNs on uniform grids without suffering from Runge’s phe-
nomenon. Double boundary conditions, which can be of complicated shapes, are
both satisfied identically. The proposed technique is verified through the solution
of linear and nonlinear problems, including a benchmark buoyancy-driven flow in
a square slot.
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1 Introduction
The biharmonic equation arises in many engineering applications such as the deforma-
tion of thin plates and the motion of fluids. Solving biharmonic problems numerically
typically involves significant challenges with respect to the approximation of high-order
derivatives and the imposition of double boundary conditions.
A Galerkin approach is a powerful formulation for the discretisation of differential
problems. The weighting functions are chosen from a set of trial functions, usually
leading to a symmetric system of algebraic equations. Owing to its integral nature,
another attractive feature of the Galerkin approach lies in its smoothing capacity. The
literature on Galerkin solutions to biharmonic problems is extensive.
In the context of Galerkin finite-element methods, the discretisations of the Galerkin
formulation for Dirichlet biharmonic problems require C1 continuity of the shape func-
tions. Such shape functions are much more difficult to construct than those needed for
C0 continuity. As a result, alternative approaches have been developed, including the
use of non-conforming/incompatible finite elements and mixed formulations.
Galerkin-irbfn technique for biharmonic equations
In the context of Galerkin spectral methods, the trial functions are required to
individually satisfy the boundary conditions. It is difficult to hold this property for
the case of non-homogeneous boundary conditions. In such a case, the tau method is a
preferred option. Some equations in the final system are set to use for the imposition
of boundary conditions. The Galerkin equation is thus not considered for all weighting
functions (the highest-order equations are dropped), leading to a supplementary error.
Solutions are approximated in terms of the expansion coefficients.
In this paper, we present a Galerkin approach using IRBFNs for Dirichlet bihar-
monic problems. The reader is referred to [2, 3] for a detailed description of IRBFNs.
A distinguishing feature of the proposed method is that the present double boundary
conditions are satisfied by the trial functions. Moreover, grids made of equally-spaced
points can be used to generate the trial and test spaces. The Galerkin-IRBFN method
is formulated in terms of nodal values of the field variable. All derivatives are defined
and continuous throughout the entire problem domain.
The remainder of the paper is organised as follows. Section 2 presents the proposed
Galerkin-IRBFN method for 2D Dirichlet biharmonic problems. The accuracy of the
method is numerically studied by considering linear and nonlinear problems in Section
3. Section 4 concludes the paper.
2 Galerkin-IRBFN technique
2.1 Integrated RBF networks
Consider a univariate function f(x). The basic idea of the integral RBF scheme is
to decompose the highest-order derivative of the function f under consideration into
RBFs
dpf(x)
dxp
=
N∑
i=1
wigi(x) =
N∑
i=1
wiI
(p)
i (x), (1)
where {wi}
N
i=1 is the set of network weights, and {gi(x)}
N
i=1 ≡
{
I
(p)
i (x)
}N
i=1
the set
of RBFs. Lower-order derivatives and the function itself are then obtained through
integration
dp−1f(x)
dxp−1
=
N∑
i=1
wiI
(p−1)
i (x) + c1, (2)
· · · · · · · · · · · · · · ·
f(x) =
N∑
i=1
wiI
(0)
i (x) + c1
xp−1
(p− 1)!
+ c2
xp−2
(p− 2)!
+ · · ·+ cp−1x+ cp, (3)
where I
(p−1)
i (x) =
∫
I
(p)
i (x)dx, · · · , I
(0)
i (x) =
∫
I
(1)
i (x)dx, and {c1, c2, · · · , cp} are the
constants of integration. The scheme is said to be of order p, denoted by IRBFN-p, if
the pth-order derivative is taken as the starting point.
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Evaluation of (1)-(3) at a set of collocation points {xj}
N
j=1 leads to
d̂pf
dxp
= Î
(p)
[p] α̂, (4)
· · · · · · · · ·
f̂ = Î
(0)
[p] α̂, (5)
where the subscript [.] and superscript (.) are used to denote the order of the IRBFN
scheme and the order of the corresponding derivative function, respectively;
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α̂ = (w1, w2, · · · , wN , c1, c2, · · · , cp)
T ;
and
d̂kf
dxk
=
(
dkf1
dxk
,
dkf2
dxk
, · · · ,
dkfN
dxk
)T
, k = {1, 2, · · · , p},
f̂ = (f1, f2, · · · , fN )
T ,
in which dkfj/dx
k = dkf(xj)/dx
k and fj = f(xj) with j = {1, 2, · · · , N}.
2.2 Present technique
Consider a differential problem defined by a biharmonic equation
L(u) =
∂4u
∂x4
+ 2
∂4u
∂x2∂y2
+
∂4u
∂y4
− b(x, y) = 0, (6)
in a rectangular domain Ω, with Dirichlet boundary conditions, u and ∂u/∂n (n−the
normal direction), on the boundaries ∂Ω of the domain Ω. In (6), b(x, y) is a driv-
ing/forcing function.
The problem domain is replaced by a Cartesian grid. On grid lines, IRBFN-4s
are employed to represent the field variable. The double boundary conditions are
incorporated into the RBF approximations through the process of conversion of the
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network-weight space into the physical space. For each grid line, e.g. a horizontal line,
one can construct the following system(
û
ê
)
=
[
Î
(0)
[4]
K̂
]
α̂ = Cα̂, (7)
where ê = (∂u1/∂x, ∂uNx/∂x)
T ; K̂ is the matrix made of the first and last rows of Î
(1)
[4] ;
û, α̂, Î
(1)
[4] and Î
(0)
[4] defined as before; C the conversion matrix; and Nx the number of
points. It can be seen from (7) that, despite the presence of nodal derivative values,
the approximate solution u is still collocated at the whole set of centres. Solving (7)
for α̂ yields
α̂ = C−1
(
û
ê
)
, (8)
where C−1 is the pseudo-inverse of C. Substitution of (8) into (3) leads to
u(x) =
(
I
(0)
1 (x), I
(0)
2 (x), · · ·
)
C−1
(
û
ê
)
, (9)
or
u(x) =
Nx∑
i=1
ϕi(x)ui + ϕNx+1(x)
∂u1
∂x
+ ϕNx+2(x)
∂uNx
∂x
. (10)
One can take products of integrated RBFs in each direction as basis functions for
the interpolation of u over the 2D domain. Since IRBFNs contain boundary condition
information, only the residual term for the biharmonic equation in the integral weighted
residual statement is needed. The Galerkin weighting process applied to (6) produces
the results ∫
Ω
ϕiϕjL(u) = 0, (11)
where 2 ≤ i ≤ (Nx − 1) and 2 ≤ j ≤ (Ny − 1). The determinate system of equations,
(11), can then be used to solve for the nodal value of the variable u.
3 Numerical results
All numerical examples presented here are implemented with the multiquadric (MQ)
basis function. The MQ centres are distributed uniformly, from which the trial and
test spaces are generated. The MQ width is simply taken to be the grid size h.
3.1 Linear test problem
The proposed technique is first verified through the linear biharmonic problem defined
on a square −1 ≤ x, y ≤ 1 with Dirichlet boundary conditions, for which the exact
solution is u(x, y) = 1/(1 + 2pi2) cos(pix) cos(piy − pi/2).
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The trial and test spaces are generated from a set of Nx×Ny centres (N = NxNy).
Different grids are employed. Results concerning the relative L2 norm (Ne) are given
in Table 1. The method achieves a fast rate of convergence (O(h6.07)). At N = 961
(31× 31), the approximate solution is accurate up to at least 8 significant digits.
3.2 Nonlinear buoyancy-driven flow problem
The proposed method is further verified through the simulation of a convective heat
transfer problem governed by
∂4ψ
∂x4
+ 2
∂4ψ
∂x2∂y2
+
∂4ψ
∂y4
=
√
Ra
Pr
(
∂ψ
∂y
(
∂3ψ
∂x3
+
∂3ψ
∂x∂y2
)
−
∂ψ
∂x
(
∂3ψ
∂x2∂y
+
∂3ψ
∂y3
)
+
∂T
∂x
)
,
(12)
∂2T
∂x2
+
∂2T
∂y2
=
√
RaPr
(
∂ψ
∂y
∂T
∂x
−
∂ψ
∂x
∂T
∂y
)
, (13)
where ψ is the stream function, T the temperature, and Pr and Ra the Prandtl and
Rayleigh numbers, respectively. The domain of interest is an enclosed square cavity
with insulated top and bottom walls and heated vertical walls. This problem with the
fluid being gas (Pr = 0.71) is widely used as a model for testing new numerical schemes
in CFD. A level of complexity in structure of the flow field is considerably increased
when Ra > 10
6. Benchmark solutions can be found in [1] for Ra ≤ 10
6 and in [4] for
Ra ≥ 10
6.
Because of the strong coupling between the flow and heat transfer, the momentum
equation (fourth-order differential equation for ψ) and the energy equation (second-
order differential equation for T ) must be solved simultaneously. We employ IRBFN-4s
and IRBFN-2s for the representation of ψ and T , respectively. The heated cavity prob-
lem is solved using a Picard scheme. A wide range of Ra, namely (10
3, 104, 105, 106, 107),
is considered. We take a lower and nearest Ra solution as an initial guess.
Four uniform grids of centres, (21 × 21, 31 × 31, 41 × 41, 51 × 51), are employed.
Convergence for the flow field for Ra = 10
7 are given in Figure 1. It can be seen that
the solution converges very fast with the MQ centre’s density refinement.
Results concerning the maximum horizontal velocity umax on the vertical mid-
plane, maximum vertical velocity vmax on the horizontal mid-plane and average Nusselt
number throughout the cavity for various Ra values are given in Table 2. It can be
seen they are in very good agreement with the benchmark solutions.
4 CONCLUDING REMARKS
This paper presents a global IRBFN discretisation of Galerkin approximations for 2D
biharmonic equations. The present approximate solution satisfies all boundary condi-
tions (i.e. function and its first derivative) identically. The Galerkin equation is consid-
ered for all weighting functions that are associated with the interior points. Moreover,
homogeneous and nonhomogeneous boundary conditions are implemented in a similar
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fashion. Unlike Galerkin spectral methods, the proposed method can work with uni-
form grids. Unlike Galerkin finite-element methods, all derivatives of the field variable
are continuous over the problem domain. Numerical results show that the Galerkin-
IRBFN method achieves a fast rate of convergence with respect to a number of RBFs.
For a benchmark thermally-driven flow in a square slot, accurate highly non-linear
solutions are obtained using relatively-low data densities.
Acknowledgements
This research is supported by the Australian Research Council.
References
[1] G. de Vahl Davis, Natural convection of air in a square cavity: a bench mark
numerical solution, International Journal for Numerical Methods in Fluids 3 (1983)
249–264.
[2] N. Mai-Duy and T. Tran-Cong, Numerical solution of differential equations
using multiquadric radial basis function networks, Neural Networks 14 (2001) 185–
199.
[3] N. Mai-Duy and T. Tran-Cong, Approximation of function and its derivatives
using radial basis function networks, Applied Mathematical Modelling 27 (2003)
197–220.
[4] P. Le Quere, Accurate solutions to the square thermally driven cavity at high
Rayleigh number, Computers & Fluids 20(1) (1991) 29–41.
Table 1: Linear problem: Error Ne(u) versus a number of RBFs N .
N 9 25 49 81 121 169 225 289
Ne(u) 1.5e+1 8.3e-2 2.8e-3 3.7e-4 9.8e-5 3.7e-5 1.7e-5 9.3e-6
N 361 441 529 625 729 841 961
Ne(u) 5.5e-6 3.5e-6 2.3e-6 1.6e-6 1.1e-6 8.6e-7 6.4e-7
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21× 21 31× 31
41× 41 51× 51
Figure 1: Natural convection flow, Ra = 10
7: Convergence for the stream function field
with respect to the MQ centre’s density refinement. Iso-values used are chosen to be
the same as those in [4]. The plot at 51 × 51 has a similar structure to that of the
benchmark spectral result [4].
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Table 2: Natural convection flow, 51× 51.
Ra vmax Error(%) x umax Error(%) y Nu Error(%)
Present 103 3.6978 0.02 0.1783 3.6499 0.02 0.8132 1.1176 0.03
Benchmark 103 3.697 0.178 3.649 0.813 1.118
[1]
Present 104 19.6373 0.10 0.1189 16.1944 0.10 0.8233 2.2441 0.04
Benchmark 104 19.617 0.119 16.178 0.823 2.243
[1]
Present 105 68.6867 0.14 0.0659 34.8203 0.26 0.8547 4.5188 0.00
Benchmark 105 68.59 0.066 34.73 0.855 4.519
[1]
Present 106 220.8393 0.10 0.0378 65.1827 0.54 0.8504 8.8116 0.15
Benchmark 106 220.6 0.038 64.83 0.850 8.825
[4]
Present 107 693.3044 0.84 0.0213 149.4011 0.53 0.8772 16.3468 1.06
Benchmark 107 699.2 0.021 148.6 0.879 16.523
[4]
